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Average estimate for additive energy in prime 

field. 

Glibichuk Alexey* 



Abstract 

\B\ 



H 

^ : Assume that A C Fp, B C F;, i ^ j^, |^| = p", \B\ = pl^ . We will 

(— I ! prove that for p ^ po(/3) one has 



-E+(^,6A) ^ 15p 308 \Af\B\. 

beB 



,.^ ^ Here i?+(A, 6^) is an additive energy between subset A and it's mul- 

Q>^ ■ tiplicative shift hA. This improves previously known estimates of this 

!>■ . type. 

^ : 1 Introduction. 

Let X be a non-empty set endowed with a binary operation * : X x X — )■ X. 
Then one can define the operation * on pairs of subsets A,B C X by the 
K/ \ formula A*B = {a*b : a & A,b E B}. In particular, if A and B are subsets of 

H I a ring, we have two such operations: addition A + B := {a + b : a E A,b E B} 

and multiplication AB = A x B := {ab : a E A,b E B}. For given element b 
we define operation b*A = bxA. The sign * may be omitted when there is no 
danger of confusion. We write |y4| for the cardinality of A. We take the ring 
to be the field Wp of p elements, where p is an arbitrary prime. All sets are 
assumed to be subsets of Fp. Given any set Y C Fp, we write Y* ■.= Y\ {0} 
for the set of invertible elements of Y. We shall always assume that p is a 
prime. Given any real number y, we write [y] for its integer part (the largest 
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integer not exceeding y), and denote the fractional part of y by {y}. We 
also define the operation h + A = {h} + A which adds an arbitrary element 
h eWpto the set A. 

Definition 1. For subsets A,BG¥p we denote 

E+{A,B) = \{{ai,a2,bi,b2) E A x A x B x B : ai - a2 = h -62}!, 

E^{A,B) = \{{ai,a2,bi,b2) eAxAxBxB: oiOs = bib2}\. 

Numbers E^{A,B) and Ey^{A,B) are said to be an additive energy and a 
multiplicative energy of sets A and B respectively. 

In the paper [T] J. Bourgain proved the following result. 

Theorem 1. Assume A C ¥p, B C ¥p and \A\ = p", \B\ = p^ with a^ 13. 
Then 

^E+{AM) < Cip'^'<\A\^\B\ 

b&B 

where 7 = min(/3, 1 — a) and Ci,C2 are absolute constants (independent on 

In the same paper J. Bourgain deduces from Theorem [1] sum-product 
estimate for two different subsets. Further, J. Bourgain and author [2] of 
this paper extended Theorem [1] to the case of an arbitrary finite field. More 
precisely, we proved the following result. 

Theorem 2. Take arbitrary subsets A,B of a finite field Wq with q = p^ 
elements, such that \A\ = g", \B\ = q^,a ^ f3 and an arbitrary < rj ^ 1. 
Suppose further that for every nontrivial subfield S GWg and every element 
d e Fq the set B satisfies the restriction 

\BndS\ ^4|5|^-''. 

Then 



^E+{A,bA) ^ 13q~wbo\Af\B\ 



beB 



where 7 = min (/3, ^^/3ri, 1 — a) . 



In this paper we also deduced from the Theorem [2] a new character sum 
estimate over a small multiplicative subgroup. J. Bourgain, S. J. Dilworth, 
K. Ford, S. Konyagin and D. Kutzarova [3J applied Theorem [2] to one of 
the problems of sparse signal recovery and several others branches of coding 
theory. Also, M. Rudnev and H. Helfgott |1] used method, proposed in the 
proof of the Theorem [T] to obtain an new explicit point-line incidence result 
in ¥p. These examples demonstrate that estimates like Theorems [T] and [2] 
have wide range of applications. 

In the current paper a slightly modified version of the method from paper 
[1] will be used to obtain an improvement of the Theorem |2] in the case of 
prime field ¥p. We will establish the following theorem. 



Then for p ^ Po{f3) 



that A C¥p 


,B 


^K' 


4 ^ A ' 


E+{A,bA) ^ 


15p 


min{/3,l 
308 


~"V5 



\A\ = p",\B\ = p^ 



beB 

Ideas of M. Rudnev and H. Helfgott in context of this problem working 
only when \B\ ^ K\A\ for some absolute constant K. Case when \A\ is 
small comparatively to |i?| was analyzed by another method. This method 
is elementary in some extent and gives the following estimate. 

Theorem 4. Assume that A C Wp,B C F*, \A\ = p", \B\ = p^. Then for 
p ^ Po{ci, P) we have 



Emin-f 5,1 — a} o 

E+{AM) ^ Cp ^^3^|An5| 



min{,5,l — a} q 

beB 

where C > is an absolute constant. 



As we see. Theorem H] gives worse estimate than Theorem [31 but it still 
better than one delivered by the Theorem [21 

In section [21 we stating preliminary results which will be used in proofs 
of Theorems [31 and [H Theorem [31 is proved in the Section [3l Theorem [H is 
proved in the Section [H 

Acknowledgements. The author thank professor S. Konyagin and M. 
Rudnev for useful discussions helped me to improve the final result. 



2 Preliminary results. 

All the subsets in the Lemmas below are assumed to be non-empty. The first 
two lemmas is due to Ruzsa [5l [6]. It holds for subsets of any abelian group, 
but here we state them only for the subsets of ¥p. 

Lemma 1. For any subsets X, Y , Z of¥p we have 

\X -YWY - Z\ 



X -Z !^ 



\Y\ 
Lemma 2. Let Y, Xi, X2, . . . , Xk be sets of ¥p. Then 



\Y 



fc-i 



Definition 2. For any nonempty subsets A C Fp, B C Fp, G G A x B, we 
define their partial sum 

\A+B\ = {a + b: {a,b) G G}. 

Let us recall the modification of Balog-Szemeredi-Gowers result (see the 
paper of J. Bourgain and M. Garaev [7], Lemma 2.3). 

Proposition 1. Let A and B be subsets of¥p and G G A x B be such that 
\G\ ^ ' ][ for some K > 0. Then there exist subsets A' G A, B' G B and a 
number Q, with 

lA'lS^. ^ «Q«2|A IB-IS l-^ll^l 



A^K' 8^2X2 ln(e|A|) 1 n 1 1 ^^QK'^\^{^e\A\) 

such that 

\A+B\^^\X + B'\ ^}^\ ,,, . 

We shall use the following result from the book of T. Tao and V. Vu [8] 
(Lemma 2.30, p. 80). 

Lemma 3. If E+{A,B) > ^\A\I\B\'2,K ^ 1, then there is G G A x B 
satisfying 

\G\ > —\A\\B\ and \A+B\ < 2K\A\'^\B\^. 



This lemma represents a known technical approach for estimating sum- 
product sets, see, for example P, [TU] . 

Lemma 4. For any given subsets X,Y C Fp, G G ¥* there is an element 
^ G G with 

' ^ ' |x||r| + |G| 

Moreover, the following inequality holds 

ixpirp 



\x + m> 



Proof. Let us take an arbitrary element C, G G and s G Fp and denote 
f^is) :=\{{x,y) e X xY : x + y^ = s}\. 
It is obvious that 
J2{fti-^)y = l{(^i' yuX2,y2)eXxXxYxY:xi + y^i = X2 + j/sOl 

= |X||F| + |{(xi,?/i,X2,t/2) e X X X xY xY : xi -^ X2,Xi + yii = X2 + y20\ 

and 

J]/+(.) = |X||F|. (1) 

Let us observe that for every Xi,X2 G X,yi,y2 G F such that Xi 7^ X2, 
there is at most one rj G G satisfying the equality Xi + yiTj = X2 + y2V- 
Therefore, 

ieG seFp 

From the last inequality it directly follows that there is an element ^ G G 
such that 

E(/^^(^))'^i^ii^i + ^Sr-- (2) 

sGFp I I 

According to Cauchy-Schwartz, 

J2ft('n ^\x+mJ2( ft ('))"■ (3) 

5eFp / seFp 



Observing that 



ssf; 



one can yield the second assertion of Lemma HI 

Combining inequahties ([1]), ([2]) and (|3]) we see that 

\x^m^ mw \ny\\G\ 



xiiri + ^i^ |x||r| + |G'r 

Lemma m now follows. ■ 

Definition 3. For any given subsets X^Y C. Fp, |y | > 1 we denote 

V V ( ry. ry. 

^[^'^] = (y-y)\{0} •= \ y^- yl • ^i'^2 e X,y,,y2 e Y,y^ y^ y2 

If X = r then Q[X, X] = Q[X]. 

Lemma |5] is a simple extension of Lemma 2.50 from the book by T. Tao 
and V. Vu [8]. 

Lemma 5. Consider two arbitrary subsets X^Y C. Fp, \Y\ > 1. The given 
element ,^ G Fp zs contained in Q[X, Y] if and only if \X + ^*Y\ < |X||y|. 

Proof. Let us consider a mapping F : X^YtoX + S,*Y defined 
by the identity -F(x, y) = x + C,y- F can be non-injective only when \X + 
^*Y\ < |X||y|. On the other side, the non-injectivity of F means that 
there are elements xi,X2 G X, yi,y2 G Y such that [xi.yi) ^ (3:2,2/2) and 
F{xi,yi) = F{x2,y2)- It is obvious that yi 7^ y2 since otherwise xi = X2 and 
we have achieved a contradiction with condition {xi,yi) 7^ {x2,y2)- Hence, 
^ = {xi — X2) / {y2 ~ yi) £ Q[X, Y]. Lemma [5] now follows. ■ 

We need the following Lemma due to C.-Y. Shen [H]. 

Lemma 6. Let Xi and X2 be two sets. Then for any e G (0, 1) there exist at 

In- 
most -n^mindXi +X2I, |Xi — X2I} additive translates of X2 whose union 

contains not less than (1 — £)|Xi| elements of Xi. 



Proof. For simplicity, we assume that \Xi + X2I ^ \Xi — X2I. The case 
when |Xi + X2I > |Xi — X2I can be considered similarly. Using Lemma H] we 
deduce 

IX PIX P 
\{{x,y,xi,yi) eXiX X2X Xix X2:x + y = xi+yi}\^ 



\Xi + X2 



Now we can fix two elements xl G Xi,yl G X2 for which the equation 
xl + y = X + yl,x G Xi,y G X2 has at least L^j^[^^ solutions and, therefore, 

I {xl + X2) n {yl + Xl) I > Ixllxi ■ Denoting K = ^gp^ we can observe that 

|Xin(xi-y: + X2)|^^. (4) 

Obviously, from @ it is follows that 

iXi^l := |Xi \ (xl-yl + X2)\ ^ (^ - J^) l^il- 

We can repeat previous arguments for sets Xl and X2 and find elements 
xl G Xl and yl G X2 such that 

\xlnixl-yl + X2)\>^-^ 

\X!\:=\Xl\{xl-yl + X2)\^(l-^'j\Xl\^l^l-^y\X,\. 



On i-th iteration we finding elements xl G X{ and yl G X2 with 



X*" 



1^1 n(x:-y:+x2)i^ 



K 



\Xl\ := |Xi-i \ {x:-yl + X2)\ ^ {^ ' ^) \^l~'\ "^ {^ ' J^) l^^'- 

We stop when |X"| < £:|Xi| for some n. It is easy to see that we will make 
not more than In (i) K steps. The last observation finishes the proof of the 
Lemma ini ■ 

We also need the following sum-product estimate of M. Z. Garaev 
Theorem 3.1]. 



Theorem 5. Let A, B cFp be an arbitrary subsets. Then 



where L = min <i |i?|, t^ [> and C > is an absolute constant. 



3 Proof of the Theorem S 

Let A,B C Fp be as in Theorem [3] and 5 > 0, C > 1 (to be specified). 
Assume 

J^E+iAbA) >C\B\^-^\Af. 

Hence there is a subset Bi C B such that 

\Bi\>-\B\ 

and 

E+{A,bA) > -\B\-^\A\^ for b E Bi. (5) 

Fix b E Bi. By the apphcation of Lemma [3] to ([5]), one can deduce that 
there is G'(^) C A x bA, |G('')| > f |S|-'5|/lp such that 



\A^lM\ < 7^\B\'\A\. 



4 



(b) Ab) 



Now, by Proposition [H there are Q{b), ^i , ^2 "^ ^ such that 

|Af)| > -^\B\-'\Al (6) 

^' 'A\\B\-''^Q^,^^2\A?l (7) 



27v^ln(e|A|) 

i4')| > — ^-^- ii?r'vr, (8) 

2'^V2Qib)He\A\y 
920 
|4nM?^l<^ln(e|A|)|i?rVr- (9) 

8 



Write 



C' 



2i2 1n(e|A|) 



bdBi 



2 I 



^ \A\ 



J2 K^'^nAfOxK^nAf 



b,b'eBi 



by Cauchy-Schwartz. Hence 



2^nn'{e\A\) 



B^\'\Br''\A\' < J2 I (4'^ n 4''0 ^ (^?^ ^ ^2''^ 



6,6' eBi 

and there is some bo ^ Bi, B2 G Bi such that 



\Bo\ > 



2^Hn\e\A\) 

\A?nA^^°\\Af^n4'^\> ^' 



B 



1-7(5 



225 1n"(e|A|) 



\B\-^^\A\ for 6g Bo. 



Let us estimate from IQ, ([8]), ([9]), f lTT]) and Lemma [T] 



.(bo) 



\{bo) 



{h))n Abo) 



boAr' + bA^'l ^ 



{bo)\ ^ 1^1 +^^2 11^1 + Oo^: 



l(fco)| 



I A 



(feo). 



< 



< 






(bo) I 
2 I 



(10) 

(11) 



(12) 



l(bo) 



(b)|| 4(^0) , 4(60), 



I A'-""' ^ h A'-">\\ A'-"0> _L A 



lAl""' +bA'^"'"\ ^ 



14") n 4'")! 



< 



l(feo) 



iWii 4(60) 



I (bo) 12 



^ M(b) pi y^(bo)||^(6o)| ^ 



< 



2-V21n^(e|A|)|^|,|^|,,|^,,^^^(,| (13) 



c^Vl 



(bo) 



I 4(^0) _L hA^^h < 1^1 +0^2 11^1 +^1 I ^ 

\Af^ + bAf^\\A'^^'^ + boAf'^\^ 
" \Af^h^AP\\A^\ ^ 



2^^V2lAe\A\) s^ (14) 



Hence, by (IT^. (fT^ and (fill) 



Using ([7]) finally we obtain 

Now we redefine y4-[ ' by A and -^ by i? one can deduce the following 
properties (for S < ^): 

, ^ ^^, ^ 2^i^v^lnJ(e|A|) ,, ^^^ ^jj ^ ^ ^, 

|B'| > ^ |fi|i-^^ (16) 

\A\>-^\B\-'\A\. (17) 

I I 24^2' ' ' ' ^ ^ 

Our aim is to get contradiction from (ITSjl . flT6l) and (IT71) . 
Let us use the symbol 

K = rm^x\A' + bA'\ so ^ ^ 2^i^v^ln|'^(e|A|) ,, 

Now we use Lemma H] to establish that 



, / , ^ / 



-E'+(yl ,bA) = |{(ai,a2,a3,a4) gA xA xA x A : 01 + 026 = 03 + 046}! ^ 

^ |A'+6A'| ^ ~^' 
10 



Summing over all b E B we obviously obtain 



|{(ai,a2, as, (34, &) € A x A x A x A x B : ai + 026 = as + 046}! ^ 



X\^\B' 
K 



There are some elements 02, as € A such that 

|{(ai, 04, 6) G A X A X B : ai — as = ('3'4 — a2)&}| ^ 






Let A^ = A — a^, A2 = A — a2 be translates of A by as and a2 respectively. 
Then 

|{(ai,a2,&) G X^ X X^x B' : ai = a2b}\ ^ 



K 



There is some a* G A^ such that 



|{(ai,6) G A'-l X 5' : ai = a*6}| ^ 



K 



Thus, we have a subset B^ C (A^^ fl a^B ) of cardinality 

lA'llfi'l 



\B,\> 



K 



In original notations B^ lies in the intersection of f^-B2 and some translate 
of Af°^; besides by the bounds (IT6D. (IT71) and (|T8|) 



\B,\> 



2250in^«(e|A|) 



LB 



1-69(5 



(19) 



We consider three cases. 

1) Case 1. Suppose that Q[5i] 7^ Fp. It is clear that 1 + <5[-Bi] 7^ 
(^[-B]^] since otherwise Q[-Bi] = Fp. The latter mean that there are elements 
a,b,c,d G B^ with 1 + ^ ^ Q[-Bi]. Now we recall that B^ is a subset 
of 1^-82 so we can regard a, 6, c, d as elements of i?2- Observe, that for an 
arbitrary subset 5^' C B[,\B'-1\ ^ 0.98|i?i| we have 1 + ff^ ^ Q[B'i] since 
(5[-Bi] C Q[-Bi]. Therefore, by Lemma El for these elements a, b,c,d E B2 we 
have 



{0.98f\B[\'^\B'; 



B. H- 1 i.;' + ^b; 



< 



B'; + 5;' + 



c — d 



b: 



(20) 



11 



We now use Lemma El Let us first show that for any bi G B2 we can cover 
99% of the elements of the set biB[ (a subset of the translation of biA\ ° ) or 
-biB[ by at most ^'°'Hmin\e\A\) ^-^^2S5 additive translates of the set boAf°\ 

Indeed 60^1 H A\ ° is a subset of 60^1 ° , and by Lemma |6] and Lemma [I]) 
we can cover 99% of the elements of either 61-Bi or —biB^ by at most 



In(lOO) 



^ min ||6oA^^ n Af«) + b,B[l |6oA^^ n Af'^ - b,B[\^ ^ 



^min ||6oA^^ n Af") + biAf'^, |M^^ n A^^^ - b^Af 



^ j^^^°°l . min i l6nA^) n Al"") + b.A^'^\ IfonA^^ n A^^ - fe.A^^I ^ < 



l^r^ n Ai"' 



1(^1) m /l(^o) I /, /iC'o) ni /l(*i)|l /l(^o) I ;, /l(^o) m /l(^i)| 



in(ioo)|Ar^ n Ap^ + fei^r^ n Af ^Pr^ + ^o-^r^ n A^" , 

ln(100)|Af^^ + &i4''^pf"^ + feo4'"^l < 2^°5ln(100)ln'(e|A|) 28,5 

additive translates of 60^1 HA^ ° and whence of 60^1 ° • Iii the last estimate 
we have used (171). (l9l) and (TTTl). 

This altogether enables us to choose 5^ as a subset containing at least 
98% of the elements from B^ such that (a — b)B^ gets covered by at most 
2^i°in^(iooyni^(e|A|) |^|56^ trausktes of foo^f") + 60^^^- Similarly, we can find 



') get 
60 Af"^ + feo^f"^- Now we apply Lemma [2] to ([20]) as follows 



a subset A\ ° containing at least 98% of the elements of A\ ° such that 

100) li 

C<56 



(c — d)A\ gets covered by at most '^ (^se'^ '-^ [i?!^^^ translates of 



B,+B,+--^B, 



1^1 I 



2«nn^(e|A|) ,,-(,,) a-6 „ 
The covering arguments above implies that 



a - 6 ^„, ^ 2^^°ln^( 100)ln =^^(e|A|) 



r(i'o) , ^^"n"\ ^ ^ ^^ uuujm ie|/i|j 11251 /,(6o) , .(feo) , .(6o) , 4(60)1 
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^ ^15 1^1 1^1- 

Comparing to (IT^ and using the condition -Uj ^ i, for large p we deduce 
(0.98)^C^38 2^'Hn\l00)ln'\e\A\) s^,^ ^ 

|i?p-3or. 2^^^3 1^4(100) ,_308. ^ 2^"^ln^l00) .,21 

|A|ln«2(g|^|) (0,98)2^307 I I (0,98)2^307 • ^ ) 

1115 4 

Now we define C = — t — and from ( l22l) deduce the inequahty 

(0.98) Wf 

|fi| < |5|308'5 

which is false when S ^ -^. This finishes proof of the Theorem [3] in case 1. 
2) Case 2. Suppose that |-B;^| > ^/p. It is clear that Q[B^] = ¥p since 
for an arbitrary ^ G Fp the equality \B-^ + ^i?]^| = |-BiP is impossible (simply 
because |-BiP > p). Let us take arbitrary elements C, G F*, s G Fp, an 
arbitrary subset \B^\ ^ 0.96|i?]^| and denote 

f^{s):=\{ih,b2)eB[xB[:h+^h = s}\ 

f'^is):=\{ib,,b2)eB';xB';:b,+^b2 = s}\ 
It is obvious that 

5Z(/€(^))' = \{ibi,b2,bs,b,) eB[xB[xB[xB[: b^ + ^b^ = b-, + ^b,}\ 

sgFp 

= |5;p + |{(6i, 62, 63,^4) eB[xB[xB[xB[:bi^ b^M + ^h = 63 + ^^4}! 
and 

seFp 

Let us observe that for every 61, 62, &3, &4 ^ B^ such that 61 7^ 63, there is 
at most one ?] G F* satisfying the equality 61 + 7762 = ^3 + '7&4- Therefore, 

5]$:(/,(s))^^ifi;p(p-i) + i5;r. 

CeF; .eFj, 

13 



From the last inequality it directly follows that there is an element ^ G F* 
such that 

seFp se¥p ^ 

Note that this C, is independent on B^ . According to Cauchy-Schwartz, 



se¥p 




Now we see that 



(23) 
Reminding that <5[-Bi] = Fp, we can find elements a,b,c,d G B^, such 
that ^ = ^5^ (again, we can regard them as elements of B2). Using similar 
covering arguments as in proof of the case 1 we can deduce that we can 
choose B^ as a subset containing at least 96% of the elements from B^ such 
that (a - b)B'; + (c - d)B'; gets covered by at most ^'"'^-'imf'ie\A\} ^^^n25 
translates of boAf°^ + foo^f"^ + boAf°^ + boAf'\ Now we see that 

^" ,«-&." ^ 2^^° ln^(100)ln^^(e|A|) ,,(,„) (,„) (,„) (,„) 

^ CTT, 1^1 1^1- 

Again, comparing to ( 123|) and using the condition -Ul ^ ^ we deduce 



\A\ / 4' 



1 2^30 111^(100) ln^°(e|A|) 



(0.96)^5 ^ (0.96)^^ < ^^/,, ^ ' '' \Br'\A\ ^ 

^ 2-hAlOO) ,145.^-.^ (24) 

4 Ci44(0.96)4 '^ ^ ^ 

265 1 

Now we define C = — 1 — - and from (1211) deduce the inequality 

(0.96) M ^^ — ^ ^ ■^ 

^ 145/3<5+a 
14 



which is false when S ^ j^. This concludes proof of the Theorem in case 2. 
3) Case 3. Suppose that Qf-Bi] = Fp and \B^\ ^ ^/p. Repeating ar- 
guments from the proof of case 2 for an arbitrary subset B^ C Bi,\Bi\ ^ 
0.96|i?]^| we finding elements a,b,c,d G -B2 independent on the subset B^ 

with 

a — b 



B, 



c — d 



B, 



^ (0.96)^^ 



Using similar covering arguments as in proof of the case 1 we can de- 
duce that we can choose B^ as a subset containing at least 96% of the el- 
ements from B^ such that (a — b)B^ + (c — d)Bi gets covered by at most 

,4.o,,4(,oo)in3^(e|A|) |^|n2. trausktes of 6o^^^ + &o^^^ + &o^^^ + feo^^^. Now 



(7112 
we see that 



B'; 



c — d 



Bl 



2^^° ln^(100)ln^^(e|A|) ,,(,„) (,„) (,„) (,„) 

^ -Ty^ |-D| 1^1 +^1 +^1 +^1 I ^ 

^ 2^=^°ln^(100)ln^°(e|A|) ,,, 

^ ^m -D \A\. 

144 II II 



c 

Comparing to ( IT9|l and using the condition -Uj ^ ;|, we deduce 

2^'^Hn\l00)\n'''{e\A\) 



\4ril38 



^ 



2500ln36(e|A|)' ' 

1^12-282(5 



c 



144 



)1030 ■ 



In^(lOO) ^ ,,,S3, ^ 



A\W%e\A\) (0,96)4^282 



21032^1^(100) 

(0,96)4^282 • 



(25) 



Now we define C = — j — - and from fl2^ deduce the inequality 

(0.96)131 



\B\ < \B 



283(5 



which is false when (^ ^ 2l3' Note that in all the cases the meaning assigned 
for the constant C is strictly less than 15. The Theorem [3] is proved. ■ 



15 



4 Proof of the Theorem Hi 

As in the proof of the Proposition [3] we assume contrary, i.e. 

beB 

for some C > 0, 6 > 0. Following arguments in the beginning of the proof of 
the Proposition [31 we finding A G A and B C F* 1 G -B (which is in fact a 
subset of a multiplicative shift of B) such that 

lA' + bA'\ < ?^!^^^^^iMllB\<^^^lA\ = K for all h G B' (26) 

l^'l > ^\B\-'\A\. (28) 

Using Lemma m we obtain 

|{(ai, 02, fls, 04) gA xA xA xA :ai + 602 = 03 + 604}! > 

> - — - for all b G 5'. 



Summing up by all 6 G -B one gets 



|{(ai, 02, as, 04, 6) G A X A x A x A x B : ai + 602 = 03 + 604}! > 



I4'|4|r'| 
> - — -^ — - for all 6 G 5 
K 



Now we can fix elements 03,0° G A such that 



|A|2|5 I 
|{(ai, 04, 6) G a' X a' X 5' : ai - 0° = 6(04 - a")}! > - — -^ — -. (29) 

K 

We denote 

f{s) = \{{a,h)eAxB' ■.h{a-al) = s}l 

. . _ f 1, if s G a' -a[]; 
[0, otherwise. 
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Clearly, 

|{(ai, a4, b)eA' xA' xB' ■.a^-al = h{a^ - al)}\ = ^ f{s)g{s), (30) 

seFp 

Y,f{s)=E^{X-alB'). (31) 

seFp 

Now, by Cauchy-Schwartz, 

^seFp y seFp seFp 

and, by (!30!) and (!3T|) . one can deduce 

E^{A -alB)> 



Consider two cases. 

Case 1. Assume that \A \\B \ ^ p. Applying Theorem [5] one obtains 

K^ ,.' .',2 I^Tl^T ^\A'\^\B'\-9 



l^'l ' ' E,{A'-alB')^ 'log,{\B'\) 

Using (El]), ([27D and dSHD we deduce 



C,Cf\B\l-f'\A\^ 2«^«ln^^(e|A|),^„,,. „ 



< z — " ;;' 'i ^r^^^ui 



2^1ni(e|/l|)log2(|i?|) ^7244 

. , 2^1n^(e|A|)log,(|i?|) a^, 

1^1' < , ,2239 1^1 " • [^^) 

8090 ^^ 

Defining C = ^^^ , we observe that for sufficiently large p from (1321) follows 
the inequality 

I „ I 1 , , 2240 r 

|S|9 < \B\^r^. 

which gives a contradiction when 6 = ^^. This completes proof of the 
Theorem H] in this case. 
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Case 2. Assume that |A ||B | > p. Again, applying Theorem E] we obtain 

^' , .' .',2 I^Tl^? ^ lA'ifp- 

^1/1 A \ ^ I II I -"-^ / T I I -t 



>\A -AY- \} ' J „,, ^C,'- 



Using (12^ and (125]) we deduce 

CiCf|A|fpi . 2^^^ In^'(el^l) 1^,244.1, ,4^ 

.35,^,35 < ^^:^- 1^1 1^1 ^ 



2 2 I i? I ^ log2 p C* 

_ 2^1n^^(e|A|)log2P,,,i 



C^Ci 



A|9|5|^^' >p9. (33) 
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Defining C = ^3^ ^ -y^^g observe that for sufficiently large p from (l33l) follows 
the inequality 

1 . „, 2232 r. ^ ,1 

p9 < \B\ 9 |A|9. 

which gives a contradiction when 5 = |^. Theorem H] is proved. ■ 
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